With very few exceptions, the study of the electronic properties of liquid and amorphous metals has been based until now on models for the electronic wave functions and electronic density of states. Contrary to the development of the theory of crystalline materials where the Bloch-Brillouin theorem allowed the calculation of wave functions, band structures and density of states, the study of liquid materials has been based on a very crude set of models where general ideas can be discussed but numerical comparison with experiment is difficult. It is highly desirable to overcome these difficulties by realistic calculations where theoretical and computational improvements can be included systematically.
The solution of the one electron Schrodinger equation for a potential V,-, is to be found for a particular set of boundary conditions. In atomic and molecular calculations a very simple boundary conditions holds, either the wave function far from the nuclei must decay exponentially for large r if E -V < 0 or become free electron like if E -V > 0. For a crystal, periodic boundary conditions to the wave-function outside the potential V,, are the exact solution. For an amorphous solid or a liquid only approximate boundary conditions are possible in practice.
In this paper a systematic approach to the calculation for the electronic properties of liquid metals is presented and results for some particular systems are ieported.
1. Calculation procedure. -Our calculation procedure consists of the following steps : a) Calculation of free atom charge densities for a given occupation of the atomic levels. The occupation of the levels is integer for all core levels but it is in general fractional for the valence levels. This fractional occupation of the valence levels is such that the amount of s, p, d and f charge agrees as much as possible with the character of the electrons in the condensed state filled energy bands. (A simplified Friedel sum rule analysis is used.)
These atomic calculation are performed with a modified version of the relativistic Liberman et al. (1965) statistical self consistent field method. The modifications include the use of the a-B statistical exchange (Herman et a]., 1969) , and the possibility of minimizing the total energy as a function of the fractional occupation of the valence levels. Fractional occupation of levels is the equivalent to configuration interaction in Fock type exchange schemes.
The reason for the use of a relativistic free atom calculation is the generation of the best possible free atom charge densities for light or heavy atoms, including spin-orbit terms that will presumably give a reasonable position of d and f levels.
The a-j? statistical scheme seems to be extremely good for predicting energy eigenvalues of atoms and molecules, it has the additional advantage of using two universal parameters a = 3 and p = 0.003 for any atom or combination of atoms, then it is particularly useful for the study of molecules and alloys.
b) Construction of a cellular potential. For the calculation of the potential that will be used in the subsequent steps, the clusters representing the system are divided into non-overlapping cells. Each cell is assumed to contain one atom. The cluster itself is constructed following the general procedures described, for example, in the paper concerning structural determinations in this volume. This potential in each cell is constructed by superposition of free atom charge densities, only the spherically symmetric part is kept, then the Poisson equation is solved for the Coulomb part of the potential and the exchange part is approximated in the a-j? scheme. The constant potential between the cells V, , , is constructed by integration of the Coulomb part of the potential in a large volume containing some hundred cells, substracting the integral of the Coulomb part of the potential inside the cells and normalizing the difference to unit interstitial volume. A similar calculation is made for the interstitial average charge density from which the exchange part is computed. c) Calculation of the single site T-matrixes. The scattering properties of each cell are computed from the spherically symmetric part of the potential in the cell. The usual procedure of matching to a free incoming regular wave plus a free scattered irregular wave outside the range of the potential is followed. It should be noted that the cells are not necessarily spherical, a more general class of cells can be used provided that, if rij is the distance between the centers of cells i and j 
lr' l = r of keeping only the spherically symmetric part V(r) for the cellular potential. If the actual cellular potentials were kept, then the matching at the surface of the cells would be exact.
d) The multiple scattering condition for the pseudo wave function (valid only for the interstitial space and the points ri) could be computed if required ; in this paper we use the extension of the Friedel sum idea to a collection of scatterers as given by Lloyd (1967) for the differential density of states where N,(E) is the free electron density of states, to the case where the cluster is embedded in a medium of potential Vb(r), intended to represent the influence of the rest of the material. For the original system
(Dl = (A). (A-ID) = ( A ) . (B)
If A is a block diagonal matrix where each block represents a cluster
The idea of the cluster method (Keller , 1973 is to write the previous equation in the form (E, vb) ) (9) clusters where SZ, is the volume of the cluster and Vb is considered by the substitution of the previous equation of G+(r ---r') by the renormalized propagator
. (10) T(Vb) is the scattering matrix of the potential Vb(r ---rO).
Several choices of Vb are practical approximations to the potential representing the boundary of the cluster under study, some examples vb(r) = 7 the average potential outside the cluster.
Vb(r) = V(r) the spherically averaged potential outside the cluster.
Vb(r) = Z the self energy of a wave propagating in a complex medium, the lowest order approximation to C is the average density of t-matrix ci = particles of type i per unit volume.
In other calculations, for example the first study of a transition metal (Keller and Jones, 1971) where the backward scattering from the rest of the system is ignored. e) Once the single site phase shifts, transition matrices and the cluster density of states have been computed, the Fermi level is obtained by direct integration of the density of states histogram. The calculated Fermi level E,, the density of states at E = E, and its energy derivatives are used together with the previous results to compute quantities as resistivity, Hall effect, unenhanced Pauli susceptibility and related properties using the simple, but practical and adequate formulas available at the present time.
The electric resistivity in the Born's approximation to the multiple scattering (Evans et al., 1972) There is no precise definition of the Fermi momentum Kf except for the NFE case, also the structure factors a(k) are known for only a few liquid metals, the result depend strongly on these quantities.
The Hall effect main contribution from electronlike quasiparticules is the generalization of the nearly free-electron formula (Kiinzi, 1973) (see also Szabo, 1973) .
Spin orbit contributions to the Hall effect can be estimated with the Ten-Bosch (1973) formalism.
Our present extensions of the method and programs to include self consistent field calculations and total energy subroutines can also handle spin-polarized potentials from which more information about physical properties of crystalline, amorphous, defective and molecular-like clusters is expected to be obtained. In figure 1 we present the computed density of states of crystalline-like clusters of iron atoms in the fcc and bcc structures. In both cases only the three shells of atoms were considered (19 and 15 atoms respectively). We observe that the calculation reproduces the d-bands in width and position of the main peaks, the Fermi level and its relation with the last peak in the d-band density of states is also similar to the band structure calculation results. It is clear that a finite number of atoms in the cluster cannot reproduce effects due to long range order, for example singularities or sharp depressions in the density of states ; it can however give sharp maxima or minima corresponding to these singular points. The increasing computing capability of machines and optimization of the codes may increase by an order of magnitude the number of atoms that could be included in future calculations, then the method will be useful even in those applications where finer details will be needed.
Preliminary
Suppose now we want to argue that liquid iron being the melt of a bcc structure will have a local structure intermediate between fcc-and-bcc-like clusters, we see from figure 1 that we may expect the Fermi level to be in almost the same place and that some of the features of both calculations in figure 1 will be present when a cluster of 15 atoms where the central atom has almost 10 nearest neighbours is made. The result of this calculation is actually shown in figure 2 . In the study of a metallic alloy a few new problems are present. The universal cl-fl statistical exchange is now more important because it is almost impossible to give the correct position of the s, p, d and f bands for two or more components with the only adjustment of the value of a even if the space can be partitioned in proper regions. We have assumed that the range of the cells for the component atoms are in the ratio of the nearest neighbour distances in the pure crystal before melting. In the lack of enough structural information we have assumed until now that the nearest neighbours distance for atoms of a given kind is the same as in the pure crystal before melting and that this distances for two atoms of different types A-B is given by the average of A-A and B-B. The interstitial potential V,,, is more difficult to evaluate and it is assumed that it changes linearly with concentration. A new calculation of the phase shifts is made at each concentration.
Fe -Liquid
Jn the particular example of the copper-nickel alloy it is found that the relative distance of the d-ballds for copper and nickel are almost the same as for the solid alloys. In our calculation this relative distance is not fixed a priori. In absolute energies the d-bands of copper and nickel in the pure liquids are almost at the same place but on alloying the V,,, is changed to lower values with increasing concentration of nickel, this shifts the copper d-band to lower energies. Conversely the nickel d-band moves up with increasing copper concentration. This effect gives the relative distances of the d-bands in the alloy. At the same time the character itself of the bands change, the d-band of copper becomes less localized in the high nickel side and the nickel d-band becomes more localized, but also more hybridized with the s-band (mainly in the Fermi energy region !), in the copper rich concentration. This features should be relevant to the understanding of both, the liquid and the solid alloys.
2.3 STRONTIUM. -The calculation for strontium was made on the assumption that the coordination number n x 10, the volume per atom being the only known quantity. It shows a large Fermi level. The density of electronic states at the Fermi level, also dN(E)/dE is large at E,. Strontium is thus quite different from a nearly free electron metal, it is more to be considered as a p-electron metal. These conclusions are consistent with the particular behaviour of its resistivity and Hall effect constant. No d-electron character was found at the Fermi level.
2.4 BARIUM. -Before attempting a calculation for barium, atomic calculations for the first half of the 6th row of the periodic table were made and satisfactory agreement with other calculations and some experimental values were found. The liquid barium was again supposed to have a local structure with coordination number n z 10. It is found that it is not a nearly free electron metal with a superimposed d-band, rather it is highly depressed from NFE like behaviour with almost 0.3 d-like electrons before the E,. A f-band is 1.5 eV after the E,. The density of states at the Fermi level is like the value it would have if the metal were NFE with two electrons per atom, but E, is more than 1.5 eV above the NFE value.
The scattering phase shifts are very large at the E,, it means that high electrical resistivity will be encountered from large s and p-scattering, but the structure factor a(k) plays a dominant role in the resistivity of the alcaline-earth metals. The explanation of the high resistivity of these materials is to be given in terms of both : high single site scattering and high structural scattering, this suggest that Ba is also to be considered a p-electron metal.
2 . 5 CERIUM AND CERIUM-COBALT ALLOYS. -A calculation of the rare-earth metals is now being made to correlate the properties of the row Ba-LaCe-...-Lu. From the calculations made until now it is found that the f-band is not at the Fermi level for any of the liquid metals. It is above for Ba and La and below from Ce on. It is not easy to do a calculation with f-bands for various-practical reasons, but the main is a consistency condition : if a f-band is assumed with occupation n, in the atomic calculation it should have the same occupation, to a very small fraction of an electron, in the condensed state. Now, the position of the band changes one to several eV if the occupation is changed to n, + 1 or n, -1.
We will discuss this problem on the basis of Ce and Ce-Co, but our results are derived from the study of several systems (including recently uranium).
As said before the f-band is found not at the Fermi level of liquid cerium, different from the study of high-pressure y-cerium where it is found just at the Fermi level. The calculation is made in the following consistency scheme : 1) An occupation n, of the free atom is assumed ; 2) the potential is constructed by superposition of free atom charge densities and the density of states is evaluated ; 3) The Fermi level is found by direct integration of the density of states histogram but only n, electrons are contributed from the f-band ; 4) If the Fermi level is found below an occupied f-band it is assumed from considerations of total energy that the result is inconsistent and a new calculation is made with original assumed occupation n, -1 of the f-band.
In figure 6 we show the results of a calculation for cqium, the f-band was assumed to contain only one electron, if assumed to contain two electrons it would be two electron volts above the Fermi level. But if assumed to be empty then it will be 5 eV below the Fermi level. Then we have two possibilities : to have an empty f-band 5 eV below the Fermi level or to have a partially occupied n, G 1 f-band below but nearer the Fermi level. From the atomic calculation we know that the minimum of total energy is found with the f-band partially occupied (nf z 1-2) then we assumed that the most probable configuration is the one shown in figure 6 in the absence of external influences. Our present study of the a-y cerium transition shows that it takes a much smaller volume per atom than that of the liquid cerium to have the f-band with one electron unstable (it is above the Fermi level), in this case, a-cerium, it would be empty but below the Fermi level. We emphasize again that all calculations are made with the statistical exchange approximation, then similar to the Hartree-Fock method a transition from a highly localized state m (in the sense that the largest part of the f-charge density is cr trapped )) in the f-atomic well) to another state n, requires an energy which is not the difference of the eigenvalues in the initial state ; it may be given by the difference of total energies or approximated by When alloying Ce and Co the interstitial potential decreases at almost the same rate as the Fermi level, but f-bands are little affected by small changes in V,,, in the rare-earth alloys, then the Fermi energy is eventually below the f-level at a concentration 50 %-55 % Ce -50 %-45 % Co, then it will be emptied.
Alloying with cobalt has a similar effect in the stability of the f-band as pressure and low temperature in the solid cerium.
At this concentration the resistivity may have a sharp maximum from the fact that a) for some atoms the Fermi energy is at a f-resonance (increased single site scattering) and b) the cerium atoms with an empty f-level will have smaller atomic volume and the structure constant will have the first peak closer to 2 Kf in the integral of formula (12), then a larger intersite scattering contribution.
On the other hand, at this concentration the Fermi energy is in a valley of the density of states histogram, then from formula (13) the Hall coefficient will have a sharp minimum with a (negative) NFE value.
On the high cobalt side the properties should change almost linearly with concentration from this high resistivity, no-magnetic moment, NFE Hall effect behaviour at 50 % Ce-50 % Co alloy.
An application of the method to amorphous semiconductors is presented elsewhere (Keller and Fritz, 1973) .
In conclusion we find that the cluster method is a dependable approach to the study of the electronic properties of condensed materials, it has the further advantage that it can be improved systematically in any of the points, a, b, c, d and e described above.
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